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Abstract
The formulae of the relativistic products are found S = 1 Barut-
Muzinich-Williams matrices. They are analogs of the well-known Chisholm-
Caianiello-Fubini identities. The obtained results can be useful in the
higher-order calculations of the high-energy processes with S = 1 parti-
cles in the framework of the 2(2S+1) Weinberg formalism, which recently
attracted attention again.
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The attractive Weinberg 2(2S + 1) component formalism for description of
higher spin particles [1] is based on the same principles as the Dirac formalism
for spin-1/2, Ref. [2]. Further developments [3, 4, 5, 6, 7] showed that many
interesting things can be found therein. For instance, the connections with
the modified Bargmann-Wigner formalism [7] or the connections with the so-
called Bargmann-Wightman-Wigner formalism (BWW) [8, 9, 5, 6]. On the
basis of the analysis of the (S, 0) ⊕ (0, S) representation space it was found
there that the intrinsic parities of boson and its antiboson can be opposite,
see also [10]. “If a neutrino is identified with the self/anti-self charge-conjugate
representation space, then it may be coupled with the BWW bosons to generate
physics beyond the present day gauge theories.”, see the above-cited references.
One more hint at the possible future application of these formalisms is the
tentative experimental evidence for a tensor coupling in the π− → e− + ν˜e + γ
decay, for instance [11]. There exist experimental opportunities to check the
existence of the “unconventional” bosons and fermions, and different types of
interactions as well, beyond the Standard Model, e. g., Ref. [12].
The principal equation in this formalism is that of the “2s”-order in the mo-
mentum operators. The analogs of the Dirac γ-matrices have also “2s” vectorial
indices:
[γµ1µ2...µ2s∂
µ1∂µ2 ...∂µ2s +m2s]Ψ(x) = 0. (1)
The covariant-defined Γ- matrices for any spin have been introduced by Barut,
Muzinich and Williams [13], see also [14, 15]. For the case of spin S = 1 they
have the following form:1
Γ(1) ≡ I =
(
I 0
0 I
)
,
Γ(2) ≡ γ5 =
(
−I 0
0 I
)
,
Γ
(3)
αβ ≡ γαβ =
(
0 −S˜†αβ
−S˜αβ 0
)
,
Γ
(4)
αβ ≡ γ4,αβ = iγ5γαβ , (2)
Γ
(5)
αβ ≡ γ5,αβ = i [γαλ, γβλ]− ,
Γ
(6)
αβ,µν ≡ γ6,αβ,µν = [γαµ, γβν ]+ + 2δαµδβν − [γαν , γβµ]+ − 2δανδβµ =
= −
1
12
[γ5,αβ , γ5,µν ]+ + 4 (δαµδβν − δανδβµ)− 4ǫαβµνγ5 ,
where
S˜44 = −I, S˜i4 = S˜4i = iSi,
S˜ij = Sij − δij = SiSj + SjSi − δij . (3)
1The Eiclidean metric is used.
2
Si are the spin-1 matrices, and ǫ1234 = 1. They have the simmetry proper-
ties [14]:
γαβ = γβα,
∑
α
γαα = 0,
γ4,αβ = γ4,βα,
∑
α
γ4,αα = 0,
γ5,αβ = −γ5,βα, (4)
γ6,αβ,µν = −γ6,βα,µν , γ6,αβ,µν = γ6,µν,αβ ,
γ6,αβ,µν + γ6,αµ,νβ + γ6,αν,µβ = 0.
The relativistic perturbation calculations of the processes including the S = 1
bosons will require the development technical methods analogous to those which
have been elaborated for the fermion-fermion interaction, namely, reducing con-
tracted products of the corresponding Γ matrices [16, 17, 18, 19]. Our aim with
this paper is to find the formulae of the relativistic scalar products like that
γµα . . . γβµ.
The following relations can be deduced by straightforward calculations:2
γµαγβµ = 3δαβ −
i
2
γ5,αβ , (5)
γµαγ5γβµ = −3γ5δαβ −
i
4
ǫαβστγ5,στ , (6)
γµαγστγβµ = 2γστδαβ + γαβδστ − γασδτβ − γατ δσβ−
− γβσδατ − γβτδασ − iǫαβσµγ4,τµ − iǫαβτµγ4,σµ, (7)
γµαγ4,στγβµ = −2γ4,στδαβ − γ4,αβδστ + γ4,ασδτβ + γ4,ατδσβ+
+ γ4,βσδατ + γ4,βτδασ − iǫαβσµγτµ − iǫαβτµγσµ, (8)
γµαγ5,στγβµ = 2γ5,στδαβ + 2γ5,ασδβτ + 2γ5,τβδασ−
− 2γ5,σβδατ − 2γ5,ατδσβ + 12i (δασδτβ − δατδσβ) + (9)
+ 12iǫαστβγ5,
γµαγ6,στ,ρφγβµ = 0. (10)
The formulae for the S = 1 matrices which have been used above are presented
in Appendix.
2We have also used the Wolfram MATEMATICA programm to check them.
3
Appendix
Here we present the set of algebraic relations for S = 1 spin matrices, cf. [20, 21].
We imply a summation on the repeated indices.
SkSiSk = Si, (1)
SkSiSjSk = 2δij − SjSi, (2)
SkSiSjSlSk = SlSiSj + SjSlSi − Sjδil, (3)
SkSiSjSlSmSk = δijδlm + δimδjl − SmSlSjSi, (4)
and
SijSk = δijSk +
1
2
δjkSi +
1
2
δikSj +
i
2
(ǫiklSjl + ǫjklSil) , (5)
SikSjl + SjlSik = 2δikSjl + 2δjlSik + (ǫilmǫjkn − ǫijmǫkln)Smn, (6)
SlSijSm = 2δijδlm − δimδjl − δjmδil − δlmSij +
+δimSlSj + δjmSlSi + δilSjSm + δjlSiSm, (7)
SlSijSm − SmSijSl = δil(SjSm − SmSj) + δjl(SiSm − SmSi) +
+δim(SlSj − SjSl) + δjm(SlSi − SiSl), (8)
or = −iǫilmSj − iǫjlmSi − 2δij(SmSl − SlSm), (9)
SiSjSk + SjSkSi + SkSiSj = Siδjk + Skδij + Sjδik +
+
i
4
(ǫijlSlk + ǫkilSjl + ǫjklSil) . (10)
This set supplies the known formulae for S = 1 spin matrices, e. g. presented
in [21]:
SiSjSk + SkSjSi = δijSk + δjkSi, (11)
S˜ikSj = −
i
2
[
δijS˜4k + δjkS˜4i + ǫjilS˜lk + ǫjklS˜il
]
(12)
Σ2i = S
2
3 , no summation, (13)
ΣiΣj +ΣjΣi = 2δijS
2
3 , (14)
ΣiΣj − ΣjΣi = 2iǫijkΣk, (15)
where
Σ1 ≡ S
2
1 − S
2
2 , Σ2 ≡ S˜12 = S1S2 + S2S1, Σ3 ≡ S3. (16)
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